MOSER LEMMA IN GENERALIZED COMPLEX GEOMETRY 



MATHIEU STIENON 



Abstract. We show how the classical Moser Lemma from symplectic geometry 
extends to generalized complex structures (GCS) on arbitrary Courant algebroids. 
For this, we extend the notion of Lie derivative to sections of the tensor bundle 
(<g>''E)®(& E*) with respect to sections of the Courant algebroid E using the Dorfman 
bracket. We then give a cohomological interpretation of the existence of one-parameter 
families of GCS on E and of flows of automorphims of E identifying all GCS of such a 
family. In the particular cases of symplectic, we recover the results of Moser. Finally, 
we give a criterion to detect the local triviality of arbitrary GCS which generalizes the 
Darboux-Weinstein theorem. 



1. Introduction 

The classical Moser lemma for symplectic manifolds p[3] describes a cohomological 
condition for two symplectic structures to be equivalent. It can be stated as follows. 
For two symplectic forms Qo and Q\ on a compact symplectic manifold M, if there 
exists a smooth one-parameter family ui t of symplectic forms on M, all with the same 
periods and such that Q = u and Qi — U\, then there is a global diffeomorphism tp 
of M, diffeotopic to the identity and such that fli = y?*fi . 

Recently there has been increasing interest in generalized complex structures [TJ [6], 
which comprise both symplectic and complex structures as special cases. It is natural 
to ask if Moser's lemma extends to generalized complex geometry. The aim of the 
present paper is to give an affirmative answer to this question. While up to now, most 
of the research on generalized complex structures focused on exact Courant algebroids 
TM @T*M [17], in this paper, we work on generic Courant algebroids. A generalized 
complex structure on a Courant algebroid E is a bundle map J : E — > E satisfying 
J 2 = —1, which is orthogonal with respect to the symmetric pairing and whose Nijenhuis 
torsion vanishes [2]. 

As is well known, the proof of the classical Moser lemma involves the Lie derivative 
of symplectic forms with respect to a vector field. Here, as first step, we introduce a 
concept of Lie derivative of generalized complex strutures with respect to sections of 
a Courant algebroid. Indeed, we introduce the Lie derivative of sections of the tensor 
bundle (&E) ® (& E*) with respect to sections of the Courant algebroid E. We hope 
this construction will be of independent interest in the future. Such a Lie derivative can 
be defined exactly as in the classical case. Namely, via the Dorfman bracket, one can 
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think of T(E) as a subset of aut(E), the infinitesimal automorphisms of the Courant 
algebroid E. Thus any section of E generates a local flow of automorphims of the 
Courant algebroid E. We define the Lie derivative of any section of (&E) <g> (&E*) 
as the time-derivative at t = of the pull back of this section by the flow. For any 
X,Y G T(E), the Lie derivative CxY is simply the Dorfman bracket X oY. The 
Lie derivative of a bundle map J : E — ► £7, seen as a section of E 1 * <8> E, is given 
by (C X J)(Y) = C X J{Y) - J(C X Y), \/X,Y G T{E). This formula reduces exactly to 
the usual Lie derivative of the symplectic form when J corresponds to a symplectic 
structure and X is a vector field. 

With the help of the Lie derivative, we are able to translate the infinitesimal isomor- 
phism condition for Jt'. 

j t + C Xt J t = 0, Vt with x t G T{E) 

as the exactness, at every time t, of a family of t — > u t of Lie algebroid 2-cocycles relative 
to the one-parameter family of Lie algebroids t i— > L t , where L t is the +i-eigenbundle 
of J t . Hence we recover exactly the same situation as in the classical Moser lemma 
context [13] . 

As first examples, we consider symplectic and complex structures on a Lie alebroid A. 
The Courant algebroid E involved is the double A © A* of A. When A is the tangent 
bundle Lie algebroid TM, we recover the usual Moser lemma for symplectic manifolds 
and the classical result of Kodaira [$] respectively. Other examples of generalized com- 
plex strutures are given by Hamitonian operators in the sense of Liu-Weinstein-Xu [11] . 
We describe conditions when such operators induce isomorphic generalized complex 
structures. Holomorphic Poisson structures are a special case. 

As another application, we give a Darboux-Weinstein style theorem for generalized 
complex strutures. More precisely, we describe local cohomological conditions which 
guarantee the local triviality of a generalized complex structure on the standard Courant 
algebroid. This cohomological condition is always satisfied for symplectic manifolds. On 
the other hand, for an integrable complex structure, this condition should be related to 
Kohn's proof [9] of the Newlander-Nirenberg theorem [15] . 

Acknowledgements. The author is grateful to Alan Weinstein for the encouraging 
discussion they had in Berkeley at the early stage of this project and to Alberto Cat- 
taneo, Vasiliy Dolgushev, Camille Laurent-Gengoux, Giovanni Felder, Pierre Schapira, 
Boris Tsygan, Aissa Wade and Ping Xu for other ones; also to the E.S.I. Vienna and 
I.H.P. Paris for their hospitality while parts of this paper were written. 

2. Automorphisms of Courant algebroids 

Definition 2.1 ([11]). A Courant algebroid is a triple consisting of a vector bundle 
E — > M equipped with a non degenerate symmetric bilinear form (■,•), a skew- symmetric 
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bracket [•, •] on T(E), and a smooth bundle map E A TM called the anchor. These 
induce a natural differential operator V : C°°(M) — > r(£J) defined by 

(Vf,a)= 1 -p(a)f 

for all f G C°°(M) and a G r(£). 

These structures must be compatible in the following sense: Va, b, c G and V/, a G 

C°°(M), 

p(MJ) = [p(a),p(o)], 

[[a,6] > c] + [[6,c],o] + [[c,o],6] = |l?(<[a,6],c> + <[6,c],o> + <[c > a],6>) > 
[a,/6] = /[a,6] + (p(a)/)6-(o,6>P/ ) 
poP = 0, i.e. (Vf,Vg) = Q, 

p(a)(b, c) = ({a, 6] + V(a, b),c} + (b, [a, c] + D(a, c». (1) 

Example 2.2 ([4]). Given a smooth manifold M, the bundle TM®T*M -> AT carries 
a natural Courant algebroid structure, where the anchor is the projection onto the 
tangent component and the pairing and bracket are given, respectively, by 

(X + t,Y + r,) = ±(t(Y)+Ti(X)), 

IX + £, Y + V j = [X, Y] + L xV - L Y i + \d{i{Y) - n{X)) , 

VX, y g X(M), V^e fi^M). 

The non-symmetric law 

aob : = [a, 6] +V{a,b) 
is called Dorfman bracket [16]. The following result is due to Roytenberg [T6] . 

Proposition 2.3. For a// a,b,ce T(E) and f G C°°(M), one /ias; 

Vfoa = 0, ao [6,c] = [ao6,c] + [&,aoc], 

a o (/&) = /(a o 6) + (p(a)f)b, p(a)(b, c) = (a o 6, c) + (6, a o c). 

Any section of the dual bundle E* ^ M can be seen as a fiberwise linear function 
on £" and vice versa. In other words, T(E*) is naturally a subspace of C°°(E). Recall 
that an infinitesimal automorphism of a vector bundle E —* M corresponds exactly to a 
vector field on E (i.e. a derivation of C°°(E)) under which the subspaces 7r*C°°(M) and 
T(E*) are stable [321 Proposition 2.2]. The latter is equivalent to a covariant differential 
operator on E* [12], i.e. a pair of differential operators 5° : C°°(M) — > C°°(M) and 
5 1 : r(£*) -> r(E*) satisfying 

^(/a) = /^(a) + Va G r(£*), V/ G C°°(M). 

From now on, we assume that £/ is a Courant algebroid. By aul(E), we denote the 
Lie algebra of infinitesimal automorphism of the Courant algebroid E. The symmetric 
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pairing (■,•) identifies T(E) with T(E*) by x (x,-). Therefore, one easily recovers 
the following theorem of Roytenberg [H], which he proved using super-geometry. 



Proposition 2.4. The Lie algebra aut(E) consists of those covariant differential opera- 
tors 6 = (5V 1 ) on E, where 5° : C°°(M) -> C°°(M) and 5 1 : r(£) -> r(£), satisfying 
the additional properties: 

8°{x,y) = (S x x,y) + (x,5 1 y) 

and 

5 1 lx,y} = l5 1 x,y} + lx,5 1 yl 

for all x, y G T(E). 

3. Lie derivatives 

For any z G r(£ l ), define 

5° : C°°(M) -> C°°(M) and 5] : r(£) -> r(£) 

by 

<£(/) = ?(*)(/) and <£(x) = z o V/ G C°°(M), Vx G r(£). 

It follows from Propositions 12.31 and 12.41 that 5 Z = (5®,5l) is an infinitesimal automor- 
phism of the Courant algebroid E, i.e. 5 Z G aut(E'). 

By 4> t we denote the (local) flow 

<k 

E >- E 



generated by the vector field on E corresponding to 8 X . The 1-parameter group 1 1— > <f> t 
acts on the space of sections of E — > M by: 

0* : T(E) -> T(E) : cr 0- 1 o o- o 

By abuse of notation, we use the same symbol </> t (resp. </>£) to denote the induced flow 
on the tensor bundles Ej = (&E) <g> (& E*) G {0,1,2,...}) (resp. the induced 
action on the spaces of sections of the Eys). 

For any section a G T(Ej), define C z a G r(J5j) by 



(see [T], Theorem 2.2.20]). Thus we have the usual identity: 



=#(£ z <x). 



In the following proposition, we give a list of important properties of this Lie derivative, 
which will be useful in the future discussion. 



Proposition 3.1. For all f,g G C°°(M) and x,y,z e T(E), we have: 

C z f = p(z)f, £ z (x, y) = (C z x, y) + (x, C z y), 

C z x = z o x , £ z [a;,?/l = + [x,£ 2 yj, 

£ w x = 0, C fx y = f C x y - (£„/) x + 2(x, y)T>f, 

Moreover, 

C z (a (g) r) = £ 2 cr ® r + a ® £ 2 r /or all a, r G ®ijEj, 
and [6, C z ] = C 5 i z for all 5 G aut(E'). 

In particular, if J : E" — > _E is a bundle map over the identity M —> M, i.e. J G 
T(E* ® £"), then 

(£ x J)(y) = £*(J(y)) - ^(Ay), Vx,y g r(£). 

Example 3.2. For the standard Courant algebroid structure on TM © T*M, one has 

+ rj) = L X (Y + 77) - i Y d£, VX, y G X(M), V£, 77 G ^(M), 
where L denotes the usual Lie derivative. 

Proposition 3.3. Let E denote the standard Courant algebroid structure on TM © 
T*M . Then, for all X G X(M) and £ G Q 1 (M), the 1-parameter groups integrating the 
infinitesimal automorphisms Sx,S^,Sx+^ G aut(E) are given respectively by 

e»x(Y + r,) = (tf> t ) m Y+(n 1 yTi, 
e tS i(Y + rj) = Y + ri + ti Y d£, 

■(Y + r,) = {n)*Y + (tp^Yv + f (OIW 

./o 

where 1 1— > ^ denotes the flow of the vector field X, i.e. satisfies 

X Mm ) = ifr(m)\ T=t . 

In case the section X t + £ t G time-dependent, its flow 

TM © T*M — ^ TM © T*M 



^ ^ »M 

from time a to b is given by 

0a,b( Y + V) = (¥a,b)*Y + (p b: a)*ri + / (^ >T )* (i( Vo , T ).Y <*T, (2) 

J a 

where (p a ^ denotes the flow of the time- dependent vector field X t from time a to b. 



e t5 x+i. I 
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Proof. From (j2j) it follows that 

4>b,c ° 4>a,b = 4>a,c and (j) a , a = ld E 

Since 

d ±-l 



(Y + 7]) °Va,a+s\ £=0 = (L Xt (Y + rj) - i Y d£ t )\ t=a , 
the flow of Sx t +£ t is indeed given by ((21). □ 



4. Main theorem 
Let E be a Courant algebroid on a smooth manifold M. And let 

E—^E 



M—^M 

id 

be a vector bundle map such that J 2 = — id. Then the complexification E c := E <g> C 
— with the extended C-linear Courant algebroid structure — decomposes as the direct 
sum L © L of the eigenbundles of J. Here L is associated to the eigenvalue +i and its 
complex conjugate L to — i. The bundle map J is called a generalized complex structure 
if J is orthogonal with respect to (•, •) — this forces L and L to be isotropic — and the 
spaces of sections T(L) and T(L) are closed under the Courant bracket, or equivalently, 
J is "integrable": 

px, Jyj - {x, yj - J(IJx, yj + {x, Jyj) = 0, Wx, y e T(E). 

We refer the reader to [2] for more details and to [6] for the case of generalized complex 
structures on the standard Courant algebroid TM © T*M. 

The group of automorphisms of the Courant algebroid acts on its set of generalized 
complex structures by: 

(f)*J = o j o 0, 

where <fi G Aut(E'). Two generalized complex structures J and Ji are said to be 
isomorphic if there exists a Courant algebroid automorphism <\> such that 0* J\ = J$. 

Given a smooth family t i— > J t of generalized complex structures on E, we define a 
2-form u t G r(A 2 £*) by 

wtfay) = (x,J t y), Vx,yeT(E). 

It is clear that ui t is skew-symmetric. By L t we denote the +i eigenbundle of J t : E c ^ 
Ec. Thus L t is a Dirac structure on Ec- Indeed (L t , L t ) is a (complex) Lie bialgebroid 

PI- 

The restriction of the time-derivative of u> t G T(A 2 E*) to the subbundle L t defines a 
2-form oj t € T(A 2 L*): 



u t (v,w) = (v,j t w), Wv,weT(L t ). 



Remark 4.1. Differentiating J t Jt = — id, we obtain J t Jt + JtJt — 0. Therefore, the 
map Jt swaps the eigenbundles L t and L t . 



Recall that there exists a canonical differential complex 

. . . ^ t(a- 1 l*) r(A'L f *) ^ r(A' +1 L i *) ^ • • • 

associated to the Lie algebroid L t |3j. The coboundary operator is given by 

n 

(d Lt a)(x ,xi, ■■ ■ ,x n ) = ^(-l) i (px i )a(x , • ■ ■ ,x { ,--- ,x n ) 

+ ^ \ 1) ,J Q;( [xj, Xj J , Xq, ■ , Xj, • , Xj, ■ ■ ■ , x n ) , 

where a G T(A n Lj) and x , . . . , x n G T(L t ). The cohomology of this complex is the Lie 
algebroid cohomology of L t . 

Proposition 4.2. d£, t ci;t = 0, V£ 



Proof. Step 1 Since J t is integrable V£, we have 

{J t v, J t wj - {v, wj - J t (lJ t v, wj + \v, J t wj) = 0. 
Differentiating w.r.t. t, we get 

ptv, J t wj + \J t v, J t wj - j t (lJ t v,wj + {v, J t wj) - J t {\j t v,wj + {v, j t wf) = 0. 
Now, taking v,w G T(L t ), the above relation becomes 

i I j t v, wj + i{v, j t wj - 2i j t lv,w} - J t (\j t v,w\ + lv,j t wj) = 
and, multiplying by (— i), we obtain 

H^(lj t v,wj + lv,j t wj) =j t {v,wl 
Hence, since L t is isotropic, 

(z,lj t v,w} + lvJtw}-j t lv,w}) = 0, Vv,w,zeT{L t ). (3) 



Step 2 By definition, 

(d Lt u t ) (v, w, z) =p(v)u t {w, z) - p(w)uj t (v, z) + p(z)cb t {v, w) 

- uj t (lv,w},z) +u t (lv,z},w) -uj t (lw,zj,v) 
=p(v)(w, j t z) - p(w)(v, j t z) + p(z)(v, j t w) 

- (lv,w},j t z) + (lv,zj,j t w) - (lw,z],j t v). 
Now unfold the second and third terms according to (pQ): 

(d Lt u t )(v,w,z) =p(v)(w,j t z) - ({w,vj +V(w,v),j t z) - (v, {w,j t zj + V(w,j t z)) 

+ ({z, vj + V(z, v), j t w) + (v, {z, j t wj) + (v, \z, J t wj + V(z, j t w)) 
- (b,wj,j t z) + (lv,z},j t w) - (lw,z},j t v); 
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simplify keeping in mind that L t is isotropic: 

(d Lt u t )(v,w,z) =p(v){w,j t z) - (v,lw,j t zf) - (v,V{w,j t z)} 

+ (v,lz,j t wj) + (v,V(z,j t w)) - (lw,zlj t v); 
and use the definition of V to get 

(d Lt co t ) (v, w, z) =(v, p t z, wj) + (v, \z, j t wj) + (j t v, \z, wj) 

+ p{y) (w, J t z) - \p(v) (w, j t z) + \p{v){j t w, z) 
=(v, p t z, wj) + (v, \z, j t wj)(j t v, \z, wj) 
+ \p{v){{j t w, z) + (w, j t z)). 
But, differentiating (J t x,J t y) = (x,y) w.r.t. t, we get 

(j t x, J t y) + (J t x, j t y) = 0. 

Hence, if x,y G T(L t ), one has 

(j t x,y) + (x, j t y) = 0. 

Therefore, 

(d Lt u t ) (v, w, z) = (v, {j t z, wj + {z, j t wj - j t \z, wj) 
and the result follows from (jHJ). □ 

Lemma 4.3. Let 1 1— > J t (t G [0, 1]) be a smooth family of generalized complex structures 
on a Courant algebroid E. There exists a smooth path t i— > (3 t in T(L* t ) such that 

u t = d u Pt, Vt (4) 

if, and only if, 

j t + C Xt J t = 0, vt 
where x t = ^(zt — Zf) G r(i?) is the imaginary part of the unique section z t G T(L t ) 
such that Pt = (zt, •)• 

Proof. For v,w & T(L t ), one has ^(u, u>) = (f , Jtw) and 

(d Lt &) (*;,«;) = p(v)Pt{w) - p(w)Pt(v) - w]) 

= p(v)(~t,w) - p(w)(~ t ,v) - (~ t , {v,wj) 

= 2(V(— t ,w),v) - ((C w ~ t ,v) + (— t ,C w v)) - (— t , {v,wj) 

= 2(V(- t ,w),v) - (lw,zij+V(w,z;),v) - (zl, {w,vj) - (v,wj) 

= (v, l~ t ,wj +V(— t ,w)) = (v,C w w). 

Hence 

u t = d Lt P t 
& (v, J\w - C^w) =0, Vf G T{L t ) 
<£> j t w - C^w G r(L t ) 
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for all w E T(L t ). But J t w E T(L t ) as w E T(L t ). Therefore, 

j t w=(C^w) 7 -, VwET(L t ). (5) 
Since T(L t ) is [•, -J-closed and L t is (•, -)-isotropic, 

C Zt w = {z t , wj + V(z t , w) = \z u wj E r(L t ) 

and 

{C Zt w)- t = V, (6) 
for all w E r(L 4 ). Substracting ([6]) from ((5j), we get 

j t w = {C^ zt) w)j- t = -2i (^w)^ = -2i ^(C Xt w) 

= -C xt {i w) + J t (C Xt w) = -C Xt (J t w) + J t (C Xt w) = -(C Xt J t )(w), 

for all w E T(L t ). Thus, 

j t v+(jC Xt J t )(v) = 0, VvET(L t ). 
Since x t is a real section of E and the endomorphisms J t and J t are real, we also have 

j t v+(£ Xt J t )(v) = Q, YvET(L t ). 

Therefore, J t + C Xt J t = 0, for all t. □ 

Theorem 4.4. Assume that M is a compact manifold, and E is a Courant algebroid 
over M. Assume that Jo and J\ are two generalized complex structures on E, which 
are connected by a smooth family of generalized complex structures t \— > J t (t E [0, 1]) 
on E. Assume there exists a smooth path t i— > fa in r(Ljf) such that to t = di t fa, Vt. 
Then Jo and J\ are isomorphic. 



Proof. The idea of the proof is to construct a smooth one-parameter family of au- 
tomorphisms t I— > 4> t in Aut(i?) such that (f> t o J = J t o t , Vt. Since L* ~ L t , 
there exists a unique time-dependent section z t E T(L t ) such that fa = (zi,-)- Set 
x t = h(zt — zi) E T(E). It follows from Lemma [4751 that 

j t + C Xt J t = 0, Vt. 

Therefore 

^(Pr 1 °Jr° (j>r\ T=t = fa 1 O (j t + C Xt J t ) O 4>t = 0, 

where <f> t E Aut(E) is the flow of S Xt E aut(E) (as in Section [3]), which always exists 
since M is compact. □ 

Remark 4.5. When M is not compact, the above theorem is still valid if x t is complete, 
i.e. if its flow exists for arbitrary time. 
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5. Examples 



Example 1. A symplectic form on a Lie algebroid A — > M is a smooth section Q 
of A 2 A* — > M, which is (i^-closed and non-degenerate — a = if fi(a, b) = for 
all £> G r(A) [H]. Here rf A : T(A fc A*) -> r(A fc+1 A*) is the Lie algebroid cohomology 
differential. 

Let Qo, ^i be a pair of symplectic forms on A, which can be connected by a smooth 
family 1 Q t of symplectic 2-forms. Having endowed A* with the trivial Lie algebroid 
structure, the pair (A, A*) becomes a Lie bialgebroid. On its "double", the Courant 
algebroid E = A © A* , we get the one-parameter family of generalized complex struc- 
tures 



Jt 



-7r| 

n\ o 



Here 717 : A* — > A denotes the inverse of the bundle map £l\ : A — > A* associated to the 
symplectic form f^. 

It is well known that 

A* : A c -> L t : X i-> X - z^X 
is a Lie algebroid isomorphism. Therefore, the diagram 

T(A fc L*) At > T(A k A*) 

d A 

T(A k+1 L* t ) — + T(A k+1 A*) 

is commutative. 

Observe that X^tOt = —tl t . Indeed, 

KW, Y) = (A,x, j,A«y) = ( , g -*'") ) = JO- 

Here we have used the identity = — Vt\ o 7r| o f^, which is easily obtained from 
7r| o = id. Hence 

cU^t = -d A X* t io t = -X* t d Lt u t = 0. 

Now assume there exists a family of smooth sections £ t G such that f2 4 = — d A ^ t . 

It is easy to check that £4 = A*/3 t , where f3 t = (iXt'H^u ')■ Hence 

\*u t = -Cl t = d A £ t = d A \*j3 t = \* t d Lt f3 t , 

i.e. LO t = d L .(3 t . 



By Theorem 14.41 we have <pt*Jt — Jo, where <p t is the Courant algebroid automor- 
phism generated by &j^ t - Since 7r|^ G T(A), <j> t is actually induced by a Lie algebroid 
automorphism of A, which will also be denoted by 4> t by abuse of notations. 



We have proved the following Lie algebroid version of Moser's Lemma [T3 
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Corollary 5.1. Assume that M is a compact manifold, and A is a Lie algebroid over M. 
Assume that f2 and Q± G r(A 2 A*) are two symplectic structures on the Lie algebroid A 
which can be connected by a smooth family of symplectic structures 1 1— > Q t (t e [0, 1]) 
on A. Assume there exists a smooth path t i— > £ t in T(A*) such that f2 t = —dA^t, Vi. 
Then VLq and VL\ are isomorphic. That is, there is a Lie algebroid automorphism (f), 
isotopic to the identity, such that (f)*Vt\ = Qq. 

Example 2. Let A — > M be a Lie algebroid endowed with an integrable almost complex 
structure, i.e. a bundle map 

A^A 



M—^M 

id 

whose Nijenhuis tensor vanishes and such that j 2 = — id. Its complexification A c = 
A©C decomposes as the direct sum A 1 ' ® A 0,1 of the eigenbundles of j with eigenvalues 
+i and — i respectively. Both A 1 ' and A ' 1 are Lie subalgebroids of Ac- The vector 
bundle A 1 ' is naturally an A 0,1 -module: the representation of A 0,1 on A 1,0 is the map 

r(A ' 1 ) x r(A 1 - ) -> r(A 1 >°) : (x, y) ^ x > y ■= y], 

where pr 1,0 stands for the canonical projection A c = A ' 1 © A 1,0 — > A 1,0 . 

Now consider the dual vector bundle A* — > M as a trivial Lie algebroid — the an- 
chor and the bracket are both zero. The pair (A, A*) is a Lie bialgebroid and the 
endomorphism 

'-3 0' 
f 

is a generalized complex structure on its double E := A© A*. The +z-eigenbundle L of 
J is naturally isomorphic, as a Lie algebroid, to the semi-direct product Lie algebroid 
A ' 1 K (A 1 ' )*, where (A 1 ' )* is the A^-module dual to A 1 ' . 

The following lemma can be easily verified. 

Lemma 5.2. Let A be a Lie algebroid, M be an A-module and A x M* 6e the resulting 
semi- direct product Lie algebroid. Then the diagram 

C k ~\A, M) — ^ C k {A x M*, C) 



J 



D 



D 



C k (A, M) *■ C k+1 (A x AT, C) 

commutes for all k > 0. ifere C fe (A, M) := T(A fe A* © M), D's are i/ie coboundary 
operators for the Lie algebroid cohomologies of A (with values in the module M) and 
A x M* , while a is the skew-symmetrization map 

(A k A*) © M -> (A fc A*) AIm A fc+1 (A x M*)*. 
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Let 1 1—* j t , t G [0, 1] be a smooth family of integrable almost complex structues on A. 
And let 

'-jt 

o jT. 

be the associated family of generalized complex structures on the Courant algebroid 
E = A@A*. 

Taking A = A®' 1 and M = A]' in Lemma [5.21 we get that 



C\A^\A] fi )^C\L t X) 



C\A»\A^)^C\L t X) 

is commutative for all t G [0,1]. Here B denotes the differential operator of the Lie 
algebroid cohomology of A®' 1 with values in the module A]' . 

The time-derivative j t may be seen as an element of ® A]' ) = C\A t '\ A]' ) 

because j t swaps A° t ' 1 and A\ ,Q . Moreover, Co t = —a(j t ). Indeed, for all I,F6 T(A^' 1 ) 
and all £,77 G r((Aj' )*), one has 

u t (X + ^Y + V ) = (X + C, Jt(Y + 77)) = (X + £ 1 j t Y - #77) 

= § {ajtY) - V (j t X)) = -a(j t )(X + £, Y + 77). 

Assume there exists a family t G [0, 1] 1— ► z t G r(A°' 1 ) such that 

<9*(§^) = -jt- 

(Remark that \~ t G V{A]'°) = C°(A%' X , A}' ).) Then 

w t = -a(it) = a o <9 t (§^) = c^Lt o a(^) = d Lt ((~t, ■)), 

since A + f ) = = |a(^) (f) for all A + £ G L t = A^ 1 k (A, 1 ' )*. 

Set x< — 2i(zt ~ z t) G r(A). According to Theorem [4TJ we have 4>t*Jt — ^0? where 
is the flow of automorphisms of the Courant algebroid E = A © A* generated by S Xt . 
Here, since the section x t of E actually lies in the Lie algebroid A, <f> t is induced by a 
family of Lie algebroid isomorphisms. 

We have proved 

Corollary 5.3. Let A be a Lie algebroid over a compact manifold M. Let jo and j\ 

be two integrable almost complex structures on A, which are connected by a smooth 
family j t of integrable almost complex structures. Assume there exists a smooth family 
Zt G r(y4°' 1 ) such that dt~z~t — —2jt- Then jo and j\ are isomorphic, i.e. there exists a 
Lie algebroid automorphism <p such that j\ = 4>*jo{'- = 4>^ X jo <f>)- 

When A is the tangent Lie algebroid TM, this is a classical result [8]. 
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6. Hamiltonian operators 



Let J be a generalized complex structure on a Courant algebroid E. Then E = L®L and 
L* ~ L, where L is the +i-eigenbundle of J. And (L, L*) is a complex Lie bialgebroid. 

Modulo the isomorphism E — > E* : e i— > (e, •), which identifies L with L* (resp. L with 
L ), any section H G T(A 2 L*) (resp. H G T(A 2 L )) can be seen as a map H' : L — > L 
(resp. H' :L ^ L). The graph L H = {(v, if'v)} BeZ , C L © L of if ' : L -> X is a Dirac 
structure of E if, and only if, the Maurer-Cartan equation 

d L H+\[H, H] L * = 

holds [TT]. In this case, H is called a Hamiltonian operator. Here : r(A*L*) — > 
r(A ,+1 L*) is the Lie algebroid differential of L and [,-] L » : T(A fc L*) ® T(a'L*) -> 
r(A fc+i ~ 1 L*) is the Schouten bracket of the Lie algebroid L*. 

When ii is a Hamiltonian operator, L H is a Lie algebroid. The vector bundle isomor- 
phism 

L — ► : d h (d, ff'u) 
induces the cochain complex isomorphism 



r(A-L^) * r(A* +1 L^) • • • (7) 



'hi 



T(A'L*)^^T(A' +1 L* 



where dn = di + [H, and dh H is the Lie algebroid coboundary operator of Lh ■ 

Lemma 6.1. Assume H G T(A 2 L*) is a Hamiltonian operator. Then Lh is the +i- 
eigenbundle of a generalized complex structure on E if, and only if, the bundle map 
H o H' — 1 : L — > L is invertible. 



Proof. First, note that (Lh) = (L)jj- Hence (v, H'v) G Lh H Lh iff 3w G L such that 
(v, H'v) = (H w, w), which holds if, and only if, (H o H' — l)v = 0. It thus follows that 
Lh H ~L~h = {0} iff H' o H' - 1 is invertible. □ 

Example 6.2. Consider the generalized complex structure J = ( ~J ®, ) on the standard 
Courant algebroid E = TM Q)T*M corresponding to a complex structure j : TM — > 
TM. Then we have L = T 0,1 x (T 1 ' )* and L = T 1 ' x (T 0,1 )*, where the Lie algebroid 
structure on L is the semi-direct product, similarly for L. Let tc G r(A 2 T 1,0 ). It is 
simple to see that t? o 7r ; = 0. Hence Tf' o tt' — 1 = — 1 is invertible. On the other hand, 
tv satisfies the Maurer-Cartan equation if and only if Bit = and [tt, ty] = 0. That is, 
7r is a holomorphic Poisson. Thus we recover the well known fact that a holomorphic 
Poisson is a generalized complex structure [6l [5] on the standard Courant algebroid 
TM © T*M. 
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Now, let t G [0, 1] i— > H t G T(A 2 L*) be a family of Hamiltonian operators such that 
H t o H' t — 1 is invertible for all t G [0,1]. By Lemma UTTl we obtain a family of 
generalized complex structures t i— ► J t . In this case, its corresponding io t has a very 
simple description. 

Lemma 6.3. G*u t = -iH t G T(A 2 L*) 

Here 9 t is the vector bundle map 

L ^ E = L®L : v ^ (v, H' t v) 

identifying L with Ln t - 
Proof. By definition, we have 

J t (v,Hlv)=i(v,H' t v). 

Differentiating w.r.t. t, we get 

j\{v,H' t v) + J t {Q,H' t v)=i{^H' t v). 

It thus follows that 

Q* t Lo t (v,w) = ((v,H' t v),j t (w,H' t w)) = ((v,H' t v),(i- J t )(w,H' t w)) 

= ((i + J t )(v, H' t v), (w, H' t w)) = 2i((v, H' t v), {w, H' t w)) = -iH t (v, w). 

□ 

From (JZJ) and Lemma [631 it follows that (jlj) is equivalent to 

^ = d L Y t + [H t ,Y t ] L ., 
where F t = i<c)* t f3 t G T(L*). We have proved 

Theorem 6.4. Zei E be a Courant algebroid, over a compact manifold M , whose 
complexified admits a decomposition Ec = L © L as the direct sum of a pair of complex 
conjugate Lie algebroids. And let H t G T(A 2 L*) be a smooth family of Hamiltonian 
operators such that H t o H' t — 1 is invertible. Assume there exists a smooth family 
Y t G T(L*) solving the equation 

^ = d L Y t + [H t ,Y t ] L .. (8) 
Then the generalized complex structures associated to H and Hi are isomorphic. 

Example 6.5. Take L = T 0,1 x (T 1,0 )* as in Section B Let n t G r(A 2 T 1 ' ) be a family 

of holomorphic Poisson bivector fields. It is simple to check that Y t = X*' H-^' 1 G L = 
T i,o x ( T o,iy satisfies p iff 

dXl>° = 0, 3^ = and 7t t = [n t ,Xl> ]. 

In particular, one may take £ t ' = 0. Thus we obtain the following standard result: if 
there exists a family of complete holomorphic vector fields X] fi satisfying the equation 

7r t = [ir t ,X t '], 
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then the holomorphic Poisson structures 7T and 7Ti are isomorphic. Note that, in this 
case, x t = 2ReX t 1,0 G %{M) and x t is complete iff X}'° is complete. 

7. Darboux-Weinstein theorem 

As an application of Theorem 14.41 we present a Darboux-Weinstein style theorem for 
generalized complex structures. 

Let J be a generalized complex structure on the standard Courant algebroid TM © 
T*M -> M. Then T(TM © T*M) is a module over the ring C°°(M). Given a point 
o G M, choose local coordinates (xx, . . . ,x n ) identifying an open neighbourhood U of 
o in M with a unit ball in IR n centered at the origin (and mapping o to 0). Then 
{ei = d x i , . . . , e n = d x n , e n+ i = dx 1 , e 2 „ = dx n } is a local frame of TM © T*M over 
U, which enjoys the following remarkable properties: 

[ ei , ei ]=0, V«,j E {l,...,2n}; (9) 
(cj, e_j) is constant on J7, Vz, j G {1, . . . , 2n} . (10) 

Now consider the matrix representation of J in this local frame: 

Je j\x =/ J a }( X ) e i\x, XEU. 
% 

The a* 's are smooth functions on U C M n . Set 

J t e jU = ^2a)(tx)ei\ x , (11) 

i 

for all t G [0, 1] and x G 17. Clearly, J t 2 = — id, Ji = J and J is represented by the 
constant matrix a* (0). Moreover, ([9]) implies that J is integrable. 

Lemma 7.1. ^4// J 4 's are generalized complex structures on the restriction ofTM@T*M 
to U. 

Proof. Let {e fc } fc l 2n be the dual frame to {ej} i=1 2n . From a tedious computation 
using the relations ([3]), ( flOl ) and 

[/A, gBj = fg[A, Bj + f(p(A)g)B - g(p(B)f)A+ (A, B)(gVf - fVg) 

(where f,g(E C°°(M) and A, B G T(TM © T*M)), it follows that 

(e\ {J t e h J t ejj)(x) =t(e\ [Je i; JeJ)^), 

(e fc , [J 4ei , ej ])(x) = t(e fe , [Je i)ei ])(te), 

and 

(e k ,J t lJ t e i ,e j j){x) = t (e k , J{Je h ej) (te). 

Hence the integrability of J at the point tx implies the integrability of J t at the point 
x. Since J is integrable on U, U is the unit ball around in R n and t G [0, 1], the 
conclusion follows. □ 
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As an immediate consequence of Theorem 14.41 we have 



Corollary 7.2. Assume there exists a smooth path t G [0, 1] i— > (3 t G T(Ll\u) such that 
&t — ditPt- Then the restriction of J to U is isomorphic to the constant generalized 
complex structure Jo- 

Theorem 7.3. Let J be a generalized complex structure (with +i-eigenbundle L) on 
the standard Courant algebroid TM © T*M — ► M. Let (xi, . . . , x n ) be local coordinates 
on M identifying an open domain U with the unit ball centered at the origin in M n . 
And define J t as in ( 1TT1) . If there exists (3 G r(L*|;y) such that 

dif3 — ui, P\o = and d/3\ Q = 0, 

then J\u is isomorphic to a constant generalized complex structure. 

Remark 7.4. Using the Darboux and Newlander-Nirenberg theorems, a result of 
Gualtieri [6l Theorem 4.35] can be restated as follows: if m G M is a regular point 
of J (i.e. the corresponding Poisson tensor is regular at m), then, locally around m, J 
must be isomorphic to a constant generalized complex structure. Therefore the condi- 
tion of Theorem 17.31 must fail in a neighbourhood of a regular point. 

The proof is splitted into several lemmas. 

Lemma 7.5. Let E\ and E 2 be two Courant algebroids over the same base manifold 
M , with anchor maps p\ and p 2 respectively. Let 



E 1 



M—^M 

be an isomorphism of vector bundles such that 

p 2 o = (p* o p 1 

and 

o a o ip, (j)' 1 o p o <pj =0- 1 o[a,/?]o^, Va, (3 G r(_E 2 ). 

Then establishes a 1-1 correspondence between the subbundles of E\ and E 2 which 
are Lie algebroids. 

Lemma 7.6. The vector bundle map 



TM®T*M\ { 



U 



■-pi 



TM®T*M\ X 



U, 



where 
and 



tftixt, ...,x n ) = (txi, . . .,tx n ) 
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satisfies the assumptions of Lemma 1 7. 51 Moreover, we have 

J O (j) t = (f) t o J t . 

Corollary 7.7. T/ie "multiplication by t " map 

L t — — L 



is a Lie algebroid isomorphism. 
Therefore we have 

Lemma 7.8. 



* od L = d Lt o 

3, 



Proof. Differentiating dTTT) w.r.t. t, we get 



to 



Therefore 



X 



i H 



dx l 

Substituting 1 to t and tx to x in the last relation, one gets 



to' 



^l(^i\txi e j\tx) — bijtx 



I da ) 



dx l 



tx 



Now, multiplying by t 2 , we obtain 



Ui(tei\ tx , tej\tx) — bijt 



dx l 



tx 



or, equivalently, 



dJi((p t ei\ x , 4>tej\ x ) = t 3 uj t (ei\ x , ej\ x ). 



□ 



Proof of Theorem \7.3l According to Lemma [7781 

t 3 u t = §* t CQ X = 4>* t d L (3 = d Lt 4>* t (3. 

Now set (3 t = t~ 3 <p*f3. We have Pt(^i\x) — t~ 3 @((/)tei\ x ) = t~ 2 P(ei\tx), which shows that 
(3 t is well-defined for t = since /3\q — and d/3\o = 0. The conclusion follows from 
Theorem 14.41 since u) t = dr. t 0t. □ 
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Remark 7.9. When J is the generalized complex structure corresponding to a sym- 
plectic structure, it is straightforward to check that the Poincare lemma for de Rham 
cohomology ensures that the conditions of Theorem 17.31 hold at any point m G M. As a 
consequence, we recover the Darboux-Weinstein theorem. However the one-parameter 
family of generalized complex structures (or family of symplectic structures) considered 
here is different from the one used in [T8] . 

On the other hand, when J is the generalized complex structure corresponding to an 
integrable complex structure j : TM — > TM, Kohn gave a proof of the Newlander- 
Nirenberg theorem using exactly the same j t as ours [9j. Kohn's essential idea and 
major achievement was to prove the Poincare lemma for Dolbeault cohomology using 
the description of this cohomology in terms of the integrable almost complex structure 
rather than holomorphic charts. As a consequence, he was able to deform the local chart 
used to define the family of local almost complex structures t \— > j t joining the given j 
to the constant j into a local chart in which j is constant. It would be interesting to 
compare our condition with the one in [9j in that case. 

Remark 7.10. Note that the degree 2 Lie algebroid cohomology of L may not always 
be locally trivial for generic generalized complex structures even though the Poincare 
Lemma holds for both the symplectic and complex cases. For instance, when J cor- 
resonds to a holomorphic Poisson struture 7r, the Lie algebroid cohomology of L is 
simply the Poisson cohomology of 7r [10], which may not always be locally trivial. 

On the other hand, the condition of Theorem 17.31 is stronger than just requiring 
H 2 (L\u,C) to vanish locally on a neighbourhood U. For instance, when J is the gen- 
eralized complex structure corresponding to the holomorphic Lie Poisson structure of 
a complex simple Lie algebra, H 2 (L\u, C) vanishes on a nbd U of 0. However J cannot 
be locally trival on neighbourhoods of 0. 

References 

[1] Ralph Abraham and Jerrold E. Marsden, Foundations of mechanics, Benjamin/ Cummings Pub- 
lishing Co. Inc. Advanced Book Program, Reading, Mass., 1978, Second edition, revised and 
enlarged, With the assistance of Tudor Ra^iu and Richard Cushman. 

[2] James Barton and Mathieu Stienon, Generalized Complex Submanifolds, 
arXiv:math.DG/0603480. 

[3] Ana Cannas da Silva and Alan Weinstein, Geometric models for noncommutative algebras, Berke- 
ley Mathematics Lecture Notes, vol. 10, American Mathematical Society, Providence, RI, 1999. 

[4] Theodore James Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319 (1990), no. 2, 631-661. 

[5] Marius Crainic, Generalized complex structures and Lie brackets, arXiv:math.DG/0412097. 

[6] Marco Gualtieri, Generalized complex geometry, arXiv:math.DG/0401221. 

[7] Nigel Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281-308. 

[8] Kunihiko Kodaira, Complex manifolds and deformation of complex structures, english ed., Classics 
in Mathematics, Springer- Verlag, Berlin, 2005, Translated from the 1981 Japanese original by 
Kazuo Akao. 

[9] J. J. Kohn, Harmonic integrals on strongly pseudo-convex manifolds. I, Ann. of Math. (2) 78 
(1963), 112-148. 

[10] Camille Laurent-Gengoux, Mathieu Stienon, and Ping Xu, Holomorphic Poisson Manifolds. 



19 



[11] Zhang-Ju Liu, Alan Weinstein, and Ping Xu, Manin triples for Lie bialgebroids, J. Differential 

Geom. 45 (1997), no. 3, 547-574. 
[12] Kirill C. H. Mackenzie and Ping Xu, Lie bialgebroids and Poisson groupoids, Duke Math. J. 73 

(1994), no. 2, 415-452. 

[13] Jiirgen Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965), 
286-294. 

[14] Ryszard Nest and Boris Tsygan, Deformations of symplectic Lie algebroids, deformations of holo- 
morphic symplectic structures, and index theorems, Asian J. Math. 5 (2001), no. 4, 599-635. 

[15] A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex manifolds, Ann. 
of Math. (2) 65 (1957), 391-404. 

[16] Dmitry Roytenberg, Courant algebroids, derived brackets and even symplectic supermanifolds, 
arXiv:math.DG/9910078. 

[17] Pavol Severa, Unpublished Letter to Alan Weinstein. 

[18] Alan Weinstein, Symplectic manifolds and their Lagrangian submanifolds, Advances in Math. 6 
(1971), 329-346 (1971). 

E.T.H. Zurich, Departement Mathematik, 8092 Zurich, Switzerland 
E-mail address: stienon@math.ethz.ch 



